We reconsider the recently proposed mimetic gravity, focusing in particular on whether the theory is able to reproduce the inferred flat rotation curves of galaxies. We extend the theory by adding a non-minimal coupling between matter and mimetic field. Such coupling leads to the appearance of an extra force which renders the motion of test particles non-geodesic. By studying the weak field limit of the resulting equations of motion, we demonstrate that in the Newtonian limit the acceleration law induced by the non-minimal coupling reduces to a Modified Newtonian Dynamics (MOND)-like one. In this way, it is possible to reproduce the successes of MOND, namely the explanation for the flat galactic rotation curves and the Tully-Fisher relation, within the framework of mimetic gravity, without the need for particle dark matter. The scale-dependence of the recovered acceleration scale opens up the possibility of addressing the missing mass problem not only on galactic but also on cluster scales: we defer a full study of this issue, together with a complete analysis of fits to spiral galaxy rotation curves, to an upcoming companion paper.
Over the past years, a plethora of cosmological and astrophysical observations have provided astounding confirmation of the "dark Universe" picture, which by now represents one of the cornerstones of modern cosmology (see e.g. [1] [2] [3] [4] [5] [6] [7] [8] ). Accurate data ranging from CMB measurements to galaxy redshift surveys and supernovae surveys support a concordance cosmology model wherein ordinary baryonic matter only accounts for ∼ 4% of the energy budget of the Universe. On the other hand ∼ 24% of the energy content of the Universe is presumed to be in the form of non-baryonic dark matter, responsible for the formation of structures we observe today. Finally, the remaining ∼ 76% is dubbed dark energy, and is assumed to be driving the late-time accelerated expansion of the Universe.
The existence of dark matter (DM) was first inferred by the pioneering works of Oort [9] and Zwicky [10, 11] in the 1930s. However, it wasn't until the 1970s that the community started taking the idea of non-baryonic dark matter seriously, following the work of Rubin, Ford, and Thonnard [12, 13] , who measured rotation curves of edge-on spiral galaxies with unprecedented accuracy. If the luminous matter content of galaxies were the sole responsible for the inferred rotation curves, simple Newtonian mechanics considerations dictate that such curve would fall off with radius r as v rot ∝ 1/ √ r. However, the works of Rubin et al. conclusively proved that such rotation curves were in fact to good approximation flat, i.e. v rot ≈ const, far beyond the edge where luminous * sunny.vagnozzi@fysik.su.se matter is present. From this observation, one is led to the conclusion that the matter content of the galaxy is not limited to that of luminous matter, but encompasses an additional dark component (the dark matter) whose mass distribution is such that M (r) ∝ r, responsible for the inferred flat rotation curves.
Several candidates for DM exist in the literature (for reviews see e.g. [15] [16] [17] ), with many models positing the existence of additional particles and forces other than those accounted for by the Standard Model of Particle Physics (e.g. [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] ). However, several of these models are constructed ad hoc in order to explain unexpected experimental results (notably possible signals of annihilating DM), whereas more "natural" scenarios (such as the SUSY WIMP) are being put under serious pressure by the persisting lack of detection of DM in current experimental efforts (such as direct detection experiments, indirect detection experiments, and collider searches).
It is possible, however, that DM might not consist of a particle, but instead be the manifestation of a theory of gravity beyond General Relativity. In recent years, modified theories of gravity have gained considerable interest in the community: within such theories, dark matter and dark energy often naturally appear as geometrical effects. An example of such theory is known as Modified Newtonian Mechanics (MOND) [14] , where the behaviour of the gravitational force deviates from that of Newtonian mechanics at low accelerations. Another thoroughly explored theory beyond General Relativity where dark matter can appear as a geometrical effect is that of F (R) gravity, which can also naturally unify inflation and the late-time acceleration (see e.g. [31] , for reviews refer for instance to [32] [33] [34] [35] [36] ). For more general reviews on modified theories of gravity, or concerning theories not discussed here, see e.g. [37-40, 42, 171] .
It is with a particular modified theory of gravity, namely mimetic gravity [43, 44] (see also the recent review [45] ), and the possibility of solving the galactic rotation curves problem therein, that this Letter shall be concerned. This Letter is intended as in ideas paper, wherein we propose a theoretical basis for explaining flat rotation curves in mimetic gravity. In a companion paper to appear subsequently, we will test the idea by providing a fit to rotation curve data [46] .
1
The rest of this Letter, then, is structured as follows. In Section II, we briefly review mimetic gravity. Subsequently, in Section III we extend such theory by adding a non-minimal coupling between the matter sector and the mimetic field. Section IV is devoted to the examination of the Newtonian limit of the theory. We show that the acceleration law reduces to that of a MONDlike theory, which leads us to examine implications for explaining rotation curves. Finally, Section V contains concluding remarks.
II. MIMETIC GRAVITY
The term "mimetic dark matter" (later referred to as mimetic gravity) was coined in 2013 by Chamseddine and Mukhanov [43] (see also [44] ), although the prototype for mimetic theories had actually been introduced a few years earlier in [47] [48] [49] . In this approach, the conformal degree of freedom of gravity is isolated covariantly, by parametrizing the physical metric g µν in terms of an auxiliary metricg µν and a scalar field (the "mimetic field") φ, as follows:
From Eq.(1) it immediately follows that, for consistency, the mimetic field is required to satisfy:
With the parametrization in Eq.(1), the physical metric is invariant under conformal transformation of the auxiliary metric of the type:
µν . This suggests that mimetic gravity can be viewed as a conformal (Weyl-symmetric) extension of General Relativity, a fact that was first pointed out in [50] .
The gravitational field equations are obtained by varying the Einstein-Hilbert action with respect to the physical metric, taking into account the dependence of the latter on the auxiliary metric and the mimetic field, which 1 We note that there currently exist no observational constraints on mimetic gravity from astrophysical and cosmological data neither in the weak nor in the strong field regime.
yields [43] :
where κ 2 ≡ 8πG N , G N being Newton's constant. Compared to the conventional Einstein equations, i.e. G µν = κ 2 T µν , Eq.(3) features an additional contribution on the right-hand side, which can be interpreted as the energymomentum tensor of a perfect fluid whose energy density and pressure are given by ρ m = (G − T ) and p m = 0 respectively. On the other hand, the mimetic field plays the role of velocity gradient for the fluid four-velocity: v µ ≡ ∂ µ φ. The equation of motion for the mimetic field can be obtained by varying the action with respect to the field itself, which gives [43] :
where the covariant derivative is calculated with respect to the physical metric g µν .
It is easy to show that, on a flat FLRW background, the energy density of the mimetic field scales with scale factor a as a −3 , thus mimicking the contribution of pressureless dust [43] . Hence, dark matter appears in mimetic gravity as a purely geometrical effect. Let us note that mimetic gravity differs from General Relativity by the appearance of an extra scalar degree of freedom.
2 This can be traced to the fact that mimetic gravity is related to General Relativity by a singular disformal transformation [51] : that is, the disformal transformation relating the physical to the auxiliary metric is non-invertible [52, 53] . It is well known that this results in a theory possessing additional degrees of freedom [54] [55] [56] [57] [58] . 3 Finally, let us remark that the constraint on the mimetic field, Eq.(13), can be enforced at the level of the action by means of a Lagrange multiplier term. That 2 However, mimetic gravity does not possess a proper scalar degree of freedom. Instead, the would-be scalar d.o.f. in mimetic gravity is constrained by Eq. (13) . It is easy to see that such constraint kills the wave-like parts of the would-be scalar d.o.f., implying that in the minimal mimetic gravity model the sound speed satisfies cs = 0, and hence there are no propagating scalar degrees of freedom. Whether or not this leads to ghost instabilities is an issue which is far from being settled (see e.g. [59] [60] [61] [62] [63] [64] ), with different works reaching different conclusions concerning the stability of mimetic gravity and some of its basic extensions. In any case it appears that, if mimetic gravity does indeed suffer from serious ghost and/or gradient instability problems, these can nonetheless be cured by constructing a new type of curvature-invariant scalar function [62] , by non-minimally coupling the mimetic field to curvature [63] (note that we will explore the phenomenology of such a coupling in the context of rotation curves in this work), or by non-minimally higher derivatives of the mimetic field to curvature [64] . 3 See also [65] [66] [67] for recent work on the role of disformal transformations in theories of modified gravity.
is, one can write the mimetic gravity action as [44] :
In fact, it is easy to check that varying the action Eq. (5) with respect to the Lagrange multiplier λ results precisely in the mimetic constraint Eq. (13) . The study of Lagrange multiplier-constrained theories, which represent the prototype for mimetic theories, had been initiated earlier in [47] [48] [49] . 4 Various aspects of mimetic gravity (including ghost and stability issues, null-energy condition violation, connections to other theories such as Hořava-Lifshitz gravity and the scalar Einstein-aether theory, and various solutions such as static spherically symmetric, cylindrical, stellar ones) and extensions thereof have been discussed at length in the quickly growing literature related to the subject , to which we refer the reader for further details.
Despite the huge efforts in the study of mimetic gravity, one important problem remains, at least to some extent, open. Namely, the question of whether it is possible to explain the flat galactic rotation curves in mimetic gravity. Two approaches to the problem have been considered or at least briefly discussed in the literature so far. Already in [43] (see also [79, 80] ) it was recognized that, since mimetic dark matter behaves as dust, at least on cosmological scales, it is expected to be affected by gravitational instability: this consists of the usual gravitational collapse phenomenon leading to structure formation under the influence of gravity. Thus in principle, at sufficiently late times, mimetic dark matter could collapse and form virialized structures such as dark matter halos. However, exploring this possibility is highly non-trivial, given that at late times and on the relevant scales, mimetic dark matter is in the highly non-linear regime, much as particle dark matter in the analogous situation. Ultimately, a full understanding of the eventual nonlinear collapse in mimetic gravity would require powerful N-body simulations to be performed, leaving this path currently unexplored.
An alternative solution was proposed in [108] , where it was realized that by choosing an appropriate potential for the mimetic field, it is possible to modify the effective Newtonian gravitational potential felt by a test particle, in particular by implementing a linear and quadratic correction to such potential. Several implementations of potentials were explored and it was shown that a satisfactory fit to rotation curves of spiral galaxies can in principle be obtained, at the cost of a quite contrived form for the potential. A related solution, also implemented through a potential for the mimetic field, was studied in [150] . Thus, the question of whether a simple and transparent explanation for flat rotation curves in mimetic gravity exists remains open.
In this Letter, we shall explore yet an alternative solution. By considering a non-minimal coupling between the mimetic field and matter, we will show how, in the weak field limit, such coupling leads to the acceleration law which resembles a MOND-like one and thus can possibly satisfactorily explain the flatness of rotation curves.
5

III. NON-MINIMAL COUPLING OF THE MIMETIC FIELD
Let us now introduce a non-minimal coupling between the mimetic field and the matter hydrodynamic flux, of the form:
where the matter hydrodynamic flux current is given by:
ρ being the energy density of the matter content of the Universe, which we model as a perfect fluid. Similar or analogous couplings have been considered recently in the literature, see e.g. [194] [195] [196] [197] . Therefore the action for mimetic gravity is modified to the following:
where the non-minimal coupling between matter and mimetic sector is included in the matter Lagrangian L m , which reads:
With the definition as per Eq.(9), the energy density of matter (understood to be the 00 component of the energy-momentum tensor, proportional to the functional derivative of the matter Lagrangian with respect to the physical metric) can be unambiguously identified with ρ,
Mathematical as well as more phenomenological considerations restrict the range of allowed values of the strength of the non-minimal coupling γ, see the very relevant analysis conducted in [188, 193] . In particular stability and causality considerations restrict γ ≥ 0. An upper bound on γ can be set through solar system tests, which constrain non-geodesic motion and violations of the equivalence principle. As mentioned earlier (see footnote 5), this requires revisiting previous bounds on such theories which were found to be quite loose: carrying out such an analysis here would be beyond the scope of this work and hence we choose to include it in a follow-up paper where we include an analysis of spiral galactic rotation curves data [46] .
The equations of motion of the theory can be derived by varying the action with respect to the metric, the mimetic field, and the Lagrange multiplier. Variation with respect to the metric leads to the gravitational field equations:
The equations of motion for the mimetic field can be derived by varying the action with respect to the latter, and read:
which can be rewritten as a conservation equation, i.e. ∇ µ J µ = 0, where the covariantly conserved current is:
Finally, variation of the action with respect to the Lagrange multiplier enforces the mimetic constraint, Eq.(2):
Thus, the equations of motion of the theory are given by Eqs. (10, 11, 12, 13) .
Because of the non-minimal coupling between the matter hydrodynamic flux and the mimetic field, we expect the matter energy-momentum tensor to no longer be covariantly conserved, i.e. ∇ µ T µν = 0. To show this explicitly, let us model the matter content of the Universe as that of a perfect fluid whose energy density and pressure are denoted by ρ and p respectively. Then, the matter energy-momentum tensor is given by:
where u µ denotes the four-velocity of the fluid and is the quantity appearing in Eq.(7). Then, a length but straightforward calculation shows that:
Of course γ = 2κ 2 /(u µ ∂ µ φ) is required in order for the denominator of Eq. 15 not to vanish and hence lead to divergences. As expected, in the presence of the non-minimal coupling between matter and mimetic field, the energy-momentum tensor of matter is no longer covariantly conserved. This is not unexpected physically, given that it corresponds to an exchange of energy and momentum between two sectors: the ordinary matter sector, and the mimetic sector (responsible for the mimetic dark matter).
To test the motion of particles in the presence of the non-minimal coupling, we need to determine how the usual geodesic equation, u µ ∇ µ u ν = 0, is modified in the presence of such coupling. It is useful to define the projection operator h µν = g µν + u µ u ν . Then, it is immediate to verify that h µν satisfies h µν u µ = 0. The divergence of Eq. (14), after raising both indices of the energymomentum tensor, is easy to express by making use of the projection operator:
We can now contract Eq. (16) with h σ ν , yielding:
To proceed, recall that one can express u µ ∇ µ u σ , i.e. the parallel transport of the matter content fluid fourvelocity, by making use of the Christoffel symbols as:
where as usual ds 2 denotes the (squared) proper line element.
By combining Eqs. (16, 17, 18) , we obtain the generalized geodesic equation in the presence of the non-minimal coupling between matter and mimetic field, which takes the form:
with f σ given by:
As we had anticipated, the presence of the non-minimal coupling, which leads to energy and momentum transfer between matter and mimetic field, also leads to nongeodesic motion (with geodesic motion corresponding to f µ = 0). In fact, the non-minimal coupling leads to the appearance of an extra non-geodesic force, f µ . Importantly, because of the appearance of the projection operator h µσ in Eq. (20), the non-geodesic force is perpendicular to the matter four-velocity, i.e. f µ u µ = 0. In the upcoming subsection we shall explore the physical properties of such force and, correspondingly, its impact on the rotation curves of spiral galaxies.
IV. NEWTONIAN LIMIT
To make progress and understand the effects of the non-geodesic force, we consider the Newtonian limit of Eq. (20) . Let us define the total acceleration of a test particle as a µ ≡ d 2 x µ /ds 2 . Thus the spatial part of a µ is given by a = (a 1 , a 2 , a 3 ), where We can express the Newtonian limit of the generalized geodesic equation Eq. (19) as:
In other words, the total acceleration is given by two contributions: the usual Newtonian acceleration arising in the weak field limit of GR, and a non-geodesic contribution. By squaring Eq. (21) we obtain:
It is straightfoward to verify that from Eq. (22) one can express a N as:
Notice also that Eq.(23) requires the non-geodesic force and the total acceleration to not be orthogonal, i.e. a· f = 0. For simplicity, let us consider the case where the two are parallel, i.e. f · a = f a. Considering the two to not be parallel does not affect our conclusions sensibly. Therefore, the Newtonian acceleration a N in Eq. (23) can be expressed as:
that is, the Newtonian acceleration is parallel to the total acceleration.
To explore the impact of the non-geodesic force on galactic rotation curves, it is useful to consider the limit where the usual gravitational acceleration is negligible, i.e. a N ≪ a. Recall that, in the region of approximate flatness of galactic rotation curves, the contribution of baryonic matter is negligible with respect to the contribution supposedly coming from the dark matter halo. In this limit, Eq. (24) is modified to the following:
The above Eq.(25) assumes a more familiar connotation if we define the following:
Then, one finds that:
which trivially follows from combining Eqs. (25, 26) .
The above Eq.(27) bears striking resemblance with the acceleration equation in MOND, a proposed modification to Newtonian mechanics where Newton's law is modified at very small accelerations, corresponding to those experienced by point particles at the very outer edges of galaxies [14] (see also [198, 199] ). In fact, in order to match the inferred rotation curves, the parameter a 0 is estimated to be of the order of O(10 −10 )m/s 2 . It is worth noticing that the MOND regime has also been recovered in the weak-field limit of a particular extended metric theory of gravity (see e.g. [200, 201] for reviews concerning the appearance of dark matter in extended theories of gravity), wherein the acceleration scale a 0 is treated as a fundamental parameter which breaks scale invariance in gravitational interactions [202] , making gravitational interactions scale dependent (see also [203] [204] [205] [206] ).
To see how the approximate flatness of galactic rotation curves can be inferred from Eq.(27), consider a point particle at a distance r from the center of a galaxy of mass M , sufficiently far from the region where baryonic contributions to the gravitational potential are dominant. Then the Newtonian contribution to the acceleration equation is given by:
On the other hand, Eq. (27) can be expressed as the following:
Furthermore, the centripetal acceleration of a point particle in circular motion around a body of mass M is given by a = v 2 rot /r. Thus, from Eq. (29) we infer that the rotational velocity of a point particle in the outskirts of a galaxy is approximately constant:
which is to be contrasted with the usual Newtonian result where v rot ∝ 1/ √ r. As in MOND, if we further assume that the luminosity of a galaxy is proportional to its mass, one immediately infers that L ∝ v A comment is in order here: for the full MOND regime to be recovered, a 0 in Eq. (26) should technically speaking be a constant. To see whether this is the case, or within what conditions a 0 can be considered constant, let us go ahead and find an explicit expression for a 0 , starting from Eqs. (26, 29) . Specifically, we obtain:
which implies that:
finally leading to:
which is our final expression for the acceleration scale in non-minimally coupled mimetic gravity as a function of the extra force.
The above Eq. (33) shows that the acceleration scale a 0 is not precisely a constant, but carries an r-dependence, the exact details of which depend on the radial profile of the extra force. Therefore, the weak field limit of non-minimally coupled mimetic gravity does not exactly recover the full MOND regime, but rather a MOND-like one. Before discussing the very interesting consequences of this observation, let us comment on a caveat to the previous conclusion: namely, that under specific conditions, a 0 can be considered constant. In particular, if the extra force carries a radial dependence of the form f (r) ∝ 1/r, then it is easy to see that in the limit where r → ∞, a 0 approaches a constant.
6
Let us now comment on the consequences of a 0 carrying a radial dependence. In principle this possible weakness of the model can be turned into a surprising strength. Specifically, it can be used to overcome a weakness of MOND, namely the fact that it can only account for observations on galactic scales. The reason for this resides in the fact that MOND only 6 It is not obvious from Eq.(20) whether in the Newtonian limit the extra force actually decays as 1/r. If it did, as explained above, then non-minimally coupled mimetic gravity would exactly recover the MOND regime. Even if it does not, nonetheless, non-minimally coupled mimetic gravity still recovers a MONDlike regime which can have extremely interesting phenomenological applications, especially in view of some of the weaknesses of MOND, as explained in the following paragraph. To check the exact functional form of the extra force in the Newtonian limit, f (r), is a complex task which would bring us beyond the scope of this Letter, since it requires a precise modelling of the density and pressure profiles of galaxies on a vast range of scales, an issue which has yet to reach consensus even on the observational side. We will return to this issue in detail in [46] .
carries a single constant acceleration scale, which is tuned to fit rotation curves of galaxies (particularly medium-sized spiral galaxies). However, the acceleration scale which a MOND-like theory would require in order to fit increasingly large or small astrophysical objects is correspondingly increasingly larger or smaller, and thus cannot be accommodated by a single fixed scale.
In non-minimally coupled mimetic gravity, depending on the properties of the extra force and in particular its radial dependence (e.g. whether f (r) is a growing function of r, or decreases no faster than 1/r), the acceleration scale a 0 can take the form of a growing function of r. In other words, the acceleration scale can in principle be tuned to vary with r in such a way to reproduce the correct phenomenology both on galactic and cluster scales, which cannot be achieved in the simplest realization of MOND. Therefore, nonminimally coupled mimetic gravity can be viewed as a covariant realization of a MOND-like theory which can address the missing mass problem on multiple scales, not only galactic ones. This is an observation which of course deserves further investigation, including a detailed modelling of the extra force which of course depends on the density and pressure profiles of the astrophysical objects in question: because such a detailed study would bring us beyond the scope of this Letter, we choose to include it in our upcoming work [46] . Finally, let us make an important remark concerning Eq.(33) on spiral galaxy scales, i.e. those of interest for this Letter. Namely, the spiral galaxy zoo is surprisingly uniform in terms of physical properties such as density profiles, masses, sizes, and asymptotic rotational velocities (of the order of 200 km/s). Therefore the physical properties determining the properties of the extra force Eq. (20) as well as the acceleration scale Eq.(33) are quite uniform across the distribution of medium-sized spiral galaxies, implying indeed that the acceleration scale a 0 on the scale of medium-sized spiral galaxies can be considered approximately constant. As we discussed previously, its evolution with scale can instead be exploited to try and solve the missing mass problem on multiple scales, e.g. galactic and cluster ones.
An immediate corollary of our findings, with caveats due to the approximations discussed above, is that in mimetic gravity the successes of MOND in fitting spiral galaxy rotation curves are expected to be recovered [207] (see also [208] [209] [210] [211] [212] [213] ) through the non-minimal coupling. Of course, to ultimately confirm that the successes of MOND can indeed be reproduced within the framework of non-minimally coupled mimetic gravity, it is mandatory to test the theory on rotation curves data. A discussion on fit to rotation curves would bring us beyond the initial scope of this Letter, so we have decided to reserve this work to a companion paper which will appear later [46] .
V. CONCLUSIONS
In this Letter, we have shown how a non-minimal coupling between the mimetic field and the matter hydrodynamic flux in mimetic gravity generates a non-geodesic force term which, in the Newtonian limit, leads to a MOND-like acceleration law. In this way, we expect it to be possible to reproduce the successes of MOND within the framework of non-minimally coupled mimetic gravity. This further suggests that non-minimally coupled mimetic gravity can be viewed as a covariant realization of a MOND-like theory.
There is ample avenue for further work on the topic. Firstly, it is interesting to fully investigate whether the model in question can overcome the challenges of MOND on cluster scales. We have suggested a mechanism which has the potential to address this issue, which exploits the scale-dependence of the acceleration scale recovered in non-minimally coupled mimetic gravity. Of course this explanation requires more robust investigation in order to achieve validation. Next, and most importantly, it is mandatory to test the theory on data: in other words, to adequately explore the region of parameter space within which the rotation curves of galaxies can be satisfactorily fitted, with rigorous statistical methods. Finally, it is also important to carefully revisit bounds on non-minimally coupled mimetic gravity from solar system tests. These and other issues will be addressed in a companion paper [46] .
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